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DEGENERATE POLYEXPONENTIAL FUNCTIONS AND DEGENERATE BELL
POLYNOMIALS
TAEKYUN KIM AND DAE SAN KIM
ABSTRACT. In recent years, studying degenerate versions of some special polynomials, which was
initiated by Carlitz in an investigation of the degenerate Bernoulli and Euler polynomials, regained
lively interest of many mathematicians. In this paper, as a degenerate version of polyexponential
functions introduced by Hardy, we study degenerate polyexponential functions and derive various
properties of them. Also, we introduce new type degenerate Bell polynomials, which are different
from the previously studied partially degenerate Bell polynomials and arise naturally in the recent
study of degenerate zero-truncated Poisson random variables, and deduce some of their properties.
Furthermore, we derive some identities connecting the polyexponential functions and the new type
degenerate Bell polynomials.
1. INTRODUCTION
It is well known that the Stirling numbers of the second kind are defined by
(1) xn =
n
∑
l=0
S2(n, l)(x)l , (n≥ 0), (see [4,6,8,12,22]),
where (x)0 = 1, (x)n = x(x−1) · · · (x−n+1), (n≥ 1).
From (1), we note that
(2)
1
k!
(et −1)k =
∞
∑
n=k
S2(n,k)
tn
n!
, (k ≥ 0),(see [4,5,7,16]).
The Bell polynomials are given by the generating function
(3) ex(e
t−1) =
∞
∑
l=0
Bell(x)
t l
k!
, (see [4,13]).
When x= 1, Beln = Beln(1) is called the n-th Bell number.
From (3), we note that
(4) Beln(x) =
n
∑
k=0
xkS2(n,k), (n≥ 0), (see [4,13]).
For k ∈N∪{0}, the polylogarithms are defined as
(5) Lik(x) =
∞
∑
n=1
xn
nk
, (see [4,12]).
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Note that Li1(x) =− log(1− x).
The polyexponential function was first considered by Hardy and is given by
(6) e(x, a|s) =
∞
∑
n=0
xn
(n+a)sn!
, (Re(a)> 0), (see [9,10,11]).
From (6), we note that
(7) e(x, 1|1) =
∞
∑
n=0
xn
(n+1)!
=
1
x
( ∞
∑
n=0
xn
n!
−1
)
=
1
x
(ex−1), (see [2,9,10,11]).
For any nonzero λ ∈ R, the degenerate exponential function is defined by
(8) exλ (t) = (1+λ t)
x
λ , eλ (t) = e
1
λ (t), (see [14,15,19]).
Note that lim
λ→0
exλ (t) = e
xt .
In [3], Carlitz considered the degenerate Bernoulli polynomials which are given by
(9)
t
eλ (t)−1
exλ (t) =
∞
∑
n=0
βn,λ (x)
tn
n!
.
When x= 0, βn,λ = βn,λ (0) is called the n-th degenerate Bernoulli number. Note that lim
λ→0
βn,λ (x) =
Bn(x), where Bn(x) are the ordinary Bernoulli polynomials given by
t
et −1
ext =
∞
∑
n=0
Bn(x)
tn
n!
, (see [12−22]).
Recently, Kim introduced the degenerate Stirling numbers of the second kind which are defined by
(10) (x)n,λ =
n
∑
k=0
S2,λ (n,k)(x)k , (n≥ 0), (see [16]),
where (x)0,λ = 1, (x)b,λ = x(x−λ )(x−2λ ) · · · (x− (n−1)λ ), (n≥ 1).
In [13], the partially degenerate Bell polynomial are defined as
(11) ex(eλ (t)−1) =
∞
∑
n=0
beln,λ (x)
tn
n!
.
From (10) and (11), we note that
(12) beln,λ (x) =
n
∑
k=0
xkS2,λ (n,k), (see [13,20]).
It is easy to show that lim
λ→0
beln,λ (x) = Beln(x), (n≥ 0).
By (11), we easily get
(13) beln,λ (x) = e
−x
∞
∑
k=0
(k)n,λ
k!
xk, (n≥ 0).
In this paper, as a degenerate version of polyexponential functions introduced by Hardy, we study
degenerate polyexponential functions and derive various properties of them. Also, we introduce
new type degenerate Bell polynomials, which are different from the previously studied partially
degenerate Bell polynomials and arise naturally in the recent study of degenerate zero-truncated
Poisson random variables, and deduce some of their properties. Furthermore, we derive some iden-
tities connecting the polyexponential functions and the new type degenerate Bell polynomials.
This paper is organized as follows. In Section 1, we recall some necessary ingredients, namely
polyexponential functions, degenerate Bernoulli polynomials, degenerate Stirling numbers of the
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second kind and partially degenerate Bell polynomials. In Section 2, we introduce the degenerate
polyexponential functions and derive several properties of them. Especially, we find integral repre-
sentations for the degenerate polyexponential functions. Then we introduce the new type degenerate
Bell polynomials, deduce some of their properties and get their connections with degenerate poly-
exponential functions. Finally, in Section 3, we recall the degenerate Lerch zeta functions which are
closely related to the degenerate polyexponential functions. Also, we note the degenerate Hurwitz
zeta functions and the degenerate Riemann zeta functions, as special cases of the degenerate Lerch
zeta functions.
2. DEGENERATE POLYEXPONENTIAL FUNCTIONS AND DEGENERATE BELL POLYNOMIALS
In view of (8), we consider the degenerate polyexponential functions which are given by
(14) eλ (x, δ |k) =
∞
∑
n=0
(1)n,λ
n!(n+δ )k
xn,
where k ∈ N∪{0}, and δ ∈ C with Re(δ )> 0.
By (14), we easily get
(15) eλ (x, δ |0) = eλ (x), eλ (x, 1|1) =
1
x
1
1+λ
(eλ (x)−1)+
λ
1+λ
eλ (x).
Note that
lim
λ→0
eλ (x, 1|1) =
1
x
(ex−1) = e(x, 1|1).
It is known that the degenerate gamma function is defined by
(16) Γλ (s) =
∫ ∞
0
ts−1e−1λ (t)dt, (Re(s)> 0), (see [15,19]).
From (16), we consider the incomplete degenerate gamma function given by
(17) dλ (δ ,x) =
∫ x
0
tδ−1eλ (−t)dt = x
δ eλ (−x, δ |1),
where Re(δ )> 0 and x≥ 0. Note that lim
x→∞
dλ (δ , x) = Γ−λ (δ ).
Theorem 1. For δ ∈ C with Re(δ )> 0, and x≥ 0, we have
xδ eλ (−x, δ |1) = dλ (δ ,x).
From (17), we note that
(18)
d
dx
[xδ eλ (−x, δ |1)] = x
δ−1eλ (−x).
In particular,
eλ (x, 1|2) =
∞
∑
n=0
(1)n,λ
n!(n+1)2
xn,
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and
1
x
∫ x
0
1
t
(eλ (t)−1)dt =
1
x
∫ x
0
1
t
( ∞
∑
n=1
(1)n,λ
n!
tn
)
dt =
1
x
∞
∑
n=0
(1)n+1,λ
(n+1)!
∫ x
0
tndt(19)
=
1
x
∞
∑
n=0
(1)n,λ
(n+1)!(n+1)
(1−nλ )xn+1
=
∞
∑
n=0
(1)n,λ
n!(n+1)2
xn−
∞
∑
n=0
(1)n,λ (n+1−1)λ
n!(n+1)2
xn
= eλ (x, 1|2)−λ
(
eλ (x, 1|1)− eλ (x, 1|2)
)
= (1+λ )eλ (x, 1|2)−λeλ (x, 1|1).
By (15) and (19), we get
eλ (x, 1|2) =
1
1+λ
·
1
x
∫ x
0
1
t
(
eλ (t)−1
)
dt+
λ
1+λ
eλ (x, 1|1)(20)
=
1
1+λ
·
1
x
∫ x
0
1
t
(eλ (t)−1)dt+
1
x
λ
(1+λ )2
(eλ (x)−1)+
(
λ
1+λ
)2
eλ (x).
Lemma 2. For all x, we have
eλ (x, 1|2) =
1
1+λ
·
1
x
∫ x
0
1
t
(eλ (t)−1)dt+
1
x
λ
(1+λ )2
(eλ (x)−1)+
(
λ
1+λ
)2
eλ (x).
Let Einλ (z) be the special degenerate entire function which is defined by
Einλ (x) =
∫ x
0
1
t
(
1− eλ (−t)
)
dt =
∫ x
0
1
t
(
1−
∞
∑
k=0
(1)k,λ
k!
(−1)ktk
)
dt(21)
=
∫ x
0
1
t
∞
∑
k=1
(−1)k−1
(1)k,λ
k!
tkdt =
∞
∑
k=1
(1)k,λ
k!
(−1)k−1
∫ x
0
tk−1dt
=
∞
∑
k=1
(−1)k−1
k! · k
(1)k,λ x
k
.
On the other hand,
eλ (x, 1|2) =
1
1+λ
1
x
∫ x
0
1
t
(
eλ (t)−1
)
dt+
1
x
λ
(1+λ )2
(eλ (x)−1)+
(
λ
1+λ
)2
eλ (x)(22)
=−
1
1+λ
1
x
∫ −x
0
1
t
(
1− eλ (−t)
)
dt+
1
x
λ
(1+λ )2
(eλ (x)−1)+
(
λ
1+λ
)2
eλ (x)
=−
1
1+λ
1
x
Einλ (−x)+
1
x
λ
(1+λ )2
(eλ (x)−1)+
(
λ
1+λ
)2
eλ (x).
Thus, we have
(23) x(1+λ )eλ (−x, 1|2) = Einλ (x)−
λ
1+λ
(
eλ (−x)−1
)
+ x
λ 2
1+λ
eλ (−x).
From (23), we note that
Einλ (x) = x(1+λ )eλ (−x, 1|2)+
λ
1+λ
(
eλ (−x)−1
)
− x
λ 2
1+λ
eλ (−x).
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It is easy to show that(
d
dx
x
)
eλ (x, 1|p+1) =
d
dx
x
∞
∑
n=0
(1)n,λ x
n
n!(n+1)p+1
= eλ (x, 1|p).
Thus, we have
eλ (x, 1|p+1) =
1
x
∫ x
0
eλ (t, 1|p)dt.
In general, (
d
dx
x
)[
xδ−1eλ (x, δ |p+1)
]
=
d
dx
∞
∑
n=0
(1)n,λ x
n+δ
n!(n+δ )p+1
= xδ−1eλ (x, δ |p).
Thus, we have
eλ (x, δ |p+1) =
1
xδ
∫ x
0
tδ−1eλ (x, δ |p)dt.
For p ∈ N, we have(
d
dx
x
)p[
xδ−1eλ (x, δ |p)
]
=
(
d
dx
x
)
×
(
d
dx
x
)
×·· ·×
(
d
dx
x
)
︸ ︷︷ ︸
p−times
[
xδ−1eλ (x, δ |p)
]
(24)
=
(
d
dx
x
)p−1[
xδ−1eλ (x, δ |p−1)
]
= · · ·
= xδ−1
∞
∑
n=0
(1)n,λ
n!
xn = xδ−1eλ (x).
Let |z|< |δ |. Then we note that
∞
∑
p=0
eλ (x, δ |p)z
p =
∞
∑
p=0
∞
∑
n=0
(1)n,λ x
n
n!(n+δ )p
zp =
∞
∑
n=0
(1)n,λ
n!
xn
∞
∑
p=0
(
z
n+δ
)p
=
∞
∑
n=0
(1)n,λ
n!
xn
n+δ
n+δ − z
=
∞
∑
n=0
(1)n,λ
n!
xn
(
1+
z
n+δ − z
)
(25)
=
∞
∑
n=0
(1)n,λ
n!
xn+ z
∞
∑
n=0
(1)n,λ
n!(n+δ − z)
xn
= eλ (x)+ zeλ (x, δ − z|1).
Therefore, we obtain the following theorem.
Theorem 3. For p ∈ N and |z|< |δ |, we have(
d
dx
x
)p[
xδ−1eλ (x, δ |p)
]
= xδ−1eλ (x),
and
∞
∑
k=0
eλ (x, δ |k)z
k = eλ (x)+ zeλ (x, δ − z|1).
Now, we observe that(
d
dz
)m(
eλ (x, δ − z|1)
)
=
(
d
dz
)m ∞
∑
n=0
(1)n,λ x
n
n!(n+δ − z)
=
∞
∑
n=0
(1)n,λ x
nm!
n!(n+δ − z)m+1
(26)
= m!eλ (x, δ − z|m+1).
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By using the Taylor expansion of eλ (x, δ − z|1) with respect to z, we get
(27) eλ (x, δ − z|1) =
∞
∑
m=0
(
d
dz
)m(
eλ (x, δ − z|1
)∣∣∣∣
z=0
·
zm
m!
=
∞
∑
m=0
eλ (x, δ |m+1)z
m
.
Moreover, (
d
dz
)m(
eλ (x, δ − z|s)
)
=
(
d
dz
)m ∞
∑
n=0
(1)n,λ x
n
n!(n+δ − z)s
.
=
∞
∑
n=0
(1)n,λ x
n
n!
·
s(s+1) · · · (s+m−1)
(n+δ − z)m+s
=
Γ(s+m)
Γ(s)
eλ (x, δ − z|m+ s).
(28)
By using Taylor expansion of eλ (x, δ − z|s) with respect to z, we get
(29) eλ (x, δ − z|s) =
∞
∑
m=0
(
d
dz
)m(
eλ (x, δ − z|s)
)∣∣
z=0
m!
zm =
∞
∑
m=0
Γ(s+m)
Γ(s)m!
eλ (x, δ |m+ s)z
m
.
Therefore, from (29), we obtain the following theorem.
Theorem 4. For δ ,s ∈C with Re(δ )> 0, Re(s)> 0, we have
eλ (x, δ − z|s) =
∞
∑
m=0
Γ(s+m)
Γ(s)m!
eλ (x, δ |m+ s)z
m
.
In addition, for s= k ∈ N, we have
eλ (x, δ − z|k) =
∞
∑
m=0
(
k+m−1
k−1
)
eλ (x, δ |m+ k)z
m
.
As is traditional, let
∫ (0+)
∞ (respectively,
∫ (0+)
−∞ ) denote the integration of path that starts at infinity
(respectively, at negative infinity), encircles the origin counter-clockwise direction and returns to
the starting point. Then we have the following well-known integral representation of−2isinpisΓ(s)
as an entire function of s (see [21]):
(30)
∫ (0+)
∞
(−t)s−1e−tdt =−2isinpis
∫ ∞
0
ts−1e−t =−2isinpisΓ(s) =−2pii
1
Γ(1− s)
.
By (30), we get
(31)
1
Γ(1− s)
=−
1
2pii
∫ (0+)
∞
(−t)s−1e−tdt =
1
2pii
∫ (0+)
−∞
ts−1etdt.
From (31), we easily note that
Γ(1− s)
2pii
∫ (0+)
−∞
ts−1eδ tentdt =
Γ(1− s)
2pii
1
(n+δ )s
∫ (0+)
−∞
etts−1dt
=
Γ(1− s)
2pii
1
(n+δ )s
2pii
Γ(1− s)
=
1
(n+δ )s
.
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Thus, by (14) and (32), we get
eλ (x, δ |s) =
∞
∑
n=0
(1)n,λ
n!
xn
(n+δ )s
=
∞
∑
n=0
(1)n,λ
n!
xn
Γ(1− s)
2pii
∫ (0+)
−∞
ts−1eδ tentdt(32)
=
Γ(1− s)
2pii
∫ (0+)
−∞
eδ tts−1
∞
∑
n=0
(1)n,λ
n!
entxndt
=
Γ(1− s)
2pii
∫ (0+)
−∞
eδ tts−1eλ (xe
t)dt.
For m ∈ N, we have
eλ (x, δ |m) = lim
s→m
eλ (x, δ |s) = lim
s→m
1
2pii
pi
Γ(s)sinpis
∫ (0+)
−∞
eδ tts−1eλ (xe
t)dt(33)
=
1
2pii
(−1)m
Γ(m)
∫ (0+)
−∞
eδ ttm−1eλ (xe
t)Log tdt
=
1
2pii
(−1)m
(m−1)!
∫ (0+)
−∞
eδ ttm−1eλ (xe
t)Log tdt.
Thefore, by (32) and (33), we obtain the following theorem.
Theorem 5. For s,δ ∈C with Re(δ )> 0, s ∈C\N, and x ∈C, we have the integral representation
eλ (x, δ |s) =
Γ(1− s)
2pii
∫ (0+)
−∞
ts−1eδ teλ e(xe
t )dt.
In addition, for s= m ∈ N, we have the integral representation
eλ (x, δ |m) =
(−1)m
2pii(m−1)!
∫ (0+)
−∞
tm−1eδ teλ (xe
t)Log t dt.
Now, we consider new type degenerate Bell polynomials which are given by
(34) eλ (xe
t) · e−1λ (x) =
∞
∑
n=0
Beln,λ (x)
tn
n!
.
From (3) and (34), we note that lim
λ→0
Beln,λ (x) = Beln(x), (n≥ 0).
Now, we observe that
(35)
(
x
d
dx
)n
eλ (x) =
(
x
d
dx
)n ∞
∑
k=0
(1)k,λ
k!
xk =
∞
∑
k=0
(1)k,λ
k!
knxk.
On the other hand,
(36)
∞
∑
n=0
Beln,λ (x)
tn
n!
= e−1λ (x)eλ (xe
t) =
∞
∑
n=0
(
e−1λ (x)
∞
∑
k=0
(1)k,λ
k!
knxk
)
tn
n!
.
When x= 1, Beln,λ = Beln,λ (1) are called the new type degenerate Bell numbers.
Therefore, by (35) and (36), we obtain the following theorem.
Theorem 6 (Dobinski’s formula). For n≥ 0, we have
Beln,λ (x) = e
−1
λ (x)
(
x
d
dx
)n
eλ (x) = e
−1
λ (x)
∞
∑
k=0
(1)k,λ
k!
knxk.
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From (13), we note that
eλ (x, δ |s) =
∞
∑
k=0
(1)k,λ x
k
k!(k+δ )s
=
∞
∑
k=0
(1)k,λ x
k
k!
1
δ s
(
1+
k
δ
)−s
(37)
=
∞
∑
k=0
(1)k,λ
k!
xkδ−s
∞
∑
n=0
(
−s
n
)(
k
δ
)n
= eλ (x)
∞
∑
n=0
(
−s
n
)
1
δ s+n
e−1λ (x)
∞
∑
k=0
kn
k!
(1)k,λ x
k
= eλ (x)
∞
∑
n=0
(
−s
n
)
1
δ s+n
Beln,λ (x).
Therefore, by (37), we obtain the following corollary.
Corollary 7. For n≥ 0 and Re(s)> 0, Re(δ )> 0, we have
eλ (x, δ |s) = eλ (x)
∞
∑
n=0
(
−s
n
)
1
δ s+n
Beln,λ (x).
From (34), we note that
(38)
d
dt
(
eλ (xe
t)e−1λ (x)
)
= xeteλ (xe
t)e−1λ (x) · (1+λxe
t)−1.
Thus we have
(39) (1+λxet)
d
dt
(
eλ (xe
t)e−1λ (x)
)
= xeteλ (xe
t)e−1λ (x) = xe
t
∞
∑
l=0
Bell,λ (x)
t l
l!
= x
∞
∑
m=0
tm
m!
∞
∑
l=0
Bell,λ (x)
t l
l!
= x
∞
∑
n=0
(
n
∑
l=0
(
n
l
)
Bell,λ (x)
)
tn
n!
.
On the other hand,
(1+λxet)
d
dt
(
eλ (xe
t)e−1λ (x)
)
= (1+λxet)
∞
∑
n=1
Beln,λ (x)
tn−1
(n−1)!
(40)
=
∞
∑
n=0
Beln+1,λ (x)
tn
n!
+λx
∞
∑
n=0
(
n
∑
l=0
(
n
l
)
Bell+1,λ (x)
)
tn
n!
.
Therefore, by comparing the coefficients on both sides of (39) and (40), we obtain the following
theorem.
Theorem 8. For n≥ 0, we have
Beln+1,λ (x) = x
n
∑
l=0
(
n
l
)(
Bell,λ (x)−λBell+1,λ (x)
)
.
We observe that
d
dx
(
eλ (xe
t) · e−1λ (x)
)
= eteλ (xe
t)e−1λ (x)(1+λxe
t
)−1
− eλ (xe
t)e−1λ (x) ·
1
1+λx
.(41)
Thus, by (38) and (41), we get
(42)
d
dt
(
eλ (xe
t) · e−1λ (x)
)
= x
{
d
dx
(
eλ (xe
t)e−1λ (x)
)
+ eλ (xe
t)e−1λ (x)
1
1+λx
}
.
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From (34) and (42), we can derive the following identity
∞
∑
n=0
Beln+1,λ (x)
tn
n!
=
d
dt
(
eλ (xe
t) · e−1λ (x)
)
= x
{
d
dx
(
eλ (xe
t) · e−1λ (x)
)
+ eλ (xe
t) · e−1λ (x)
1
1+λx
}
= x
{ ∞
∑
n=0
Bel′n,λ (x)+
1
1+λx
Beln,λ (x)
}
tn
n!
(43)
=
x
1+λx
∞
∑
n=0
(
Bel′n,λ (x)+Beln,λ (x)+λxBel
′
n,λ (x)
)
tn
n!
,
where Bel′n,λ (x) =
d
dx
Beln,λ (x).
Comparing the coefficients on the both sides of (43), we obtain the following theorem.
Theorem 9. For n≥ 0, we have
Beln+1,λ (x) =
x
1+λx
(
Bel′n,λ (x)+Beln,λ (x)+λxBel
′
n,λ (x)
)
,
where Bel′n,λ (x) =
d
dx
Beln,λ (x).
By Theorem 9, we get
(44) Beln+1,λ (x) = x
(
Bel′n,λ (x)+Beln,λ (x)+λxBel
′
n,λ (x)−λBeln+1,λ (x)
)
.
Thus, by Theorem 8 and (44), we have
xBel′n,λ (x) = Beln+1,λ (x)− xBeln,λ (x)−λx
2Bel′n,λ (x)+λxBeln+1,λ (x)
(45)
= x
n
∑
l=0
(
n
l
)(
Bell,λ (x)−λBell+1,λ (x)
)
− xBeln,λ (x)−λx
2Bel′n,λ (x)+λxBeln+1,λ (x)
= x
n−1
∑
l=0
(
n
l
)(
Bell,λ (x)−λBell+1,λ (x)
)
−λx2Bel′n,λ (x).
From (45), we note that
(46) (1+λx)Bel′n,λ (x) =
n−1
∑
l=0
(
n
l
)(
Bell,λ (x)−λBell+1,λ (x)
)
.
Therefore, by (46), we obtain the following theorem.
Theorem 10. For n ∈ N, we have
Bel′n,λ (x) =
1
1+λx
n−1
∑
l=0
(
n
l
)(
Bell,λ (x)−λBell+1,λ (x)
)
.
From (8), we note that
(47)
∞
∑
n=0
Beln,λ (x)
tn
n!
= eλ (xe
t)e−1λ (x) =
(
1+λxet
1+λx
) 1
λ
=
(
1+
λx
1+λx
(et −1)
) 1
λ
=
∞
∑
k=0
(1)k,λ
(
x
1+λx
)k
1
k!
(et −1)
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=
∞
∑
k=0
(1)k,λ
(
x
1+λx
)k ∞
∑
n=k
S2(n,k)
tn
n!
=
∞
∑
n=0
(
n
∑
k=0
(1)k,λ
(
x
1+λx
)k
S2(n,k)
)
tn
n!
.
Therefore, by comparing the coefficients on both sides of (47), we obtain the following theorem.
Theorem 11. For n≥ 0, we have
Beln,λ (x) =
n
∑
k=0
(1)k,λ
(
x
1+λx
)k
S2(n,k).
In particular, for x= 1, we have
Beln,λ =
n
∑
k=0
(1)k,λ
(
1
1+λ
)k
S2(n,k).
From (11), we note that
∞
∑
n=0
∫ ∞
0
e−2xbeln,λ (−x)dx
tn
n!
=
∫ ∞
0
e−2xe−x(eλ (t)−1)dx=
∫ ∞
0
e−x(eλ (t)+1)dx
=
1
eλ (t)+1
=
1
eλ (t)−1
−
2
e λ
2
(2t)−1
=
1
t
(
t
eλ (t)−1
−
2t
e λ
2
(2t)−1
)
=
1
t
∞
∑
n=0
(
βn,λ −2
nβ
n, λ
2
) tn
n!
=
∞
∑
n=0
(βn+1,λ −2n+1βn+1, λ
2
n+1
)
tn
n!
.
Therefore, comparing the coefficients on both sides (48), we obtain the following theorem.
Theorem 12. For n≥ 0, we have
∫ ∞
0
e−2xbeln,λ (−x)dx=
βn+1,λ −2
n+1β
n+1, λ
2
n+1
.
By (10) and (48), we get
∞
∑
n=0
βn+1,λ −2
n+1β
n+1, λ
2
n+1
tn
n!
=
∫ ∞
0
e−2xe−x(eλ (t)−1)dt
=
∞
∑
k=0
(−1)k
∫ ∞
0
e−2xxkdx
1
k!
(
eλ (t)−1
)k
=
∞
∑
k=0
(−1)k
∞
∑
n=k
S2,λ (n,k)
tn
n!
∫ ∞
0
e−2xxkdx
=
∞
∑
n=0
(
n
∑
k=0
(−1)kS2,λ (n,k)
k!
2k+1
)
tn
n!
.
Therefore, by (48), we obtain the following theorem.
Theorem 13. For n≥ 0, we have
n
∑
k=0
(−1)k2−k−1k!S2,λ (n,k) =
1
n+1
(
βn+1,λ −2
n+1β
n+1, λ
2
)
.
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For p ∈N, and Re(δ )> 0, we have
eλ (x, δ |− p) =
∞
∑
n=0
(1)n,λ x
n
n!(n+δ )−p
=
∞
∑
n=0
[ p
∑
k=0
(
p
k
)
(1)n,λ n
kδ p−k
]
xn
n!
=
p
∑
k=0
(
p
k
)
δ n−k
( ∞
∑
n=0
nk
n!
(1)n,λ x
n
)
= eλ (x)
p
∑
k=0
(
p
k
)
δ n−k
(
e−1λ (x)
∞
∑
n=0
nk
n!
(1)n,λ x
n
)
= eλ (x)
p
∑
k=0
(
p
k
)
δ p−kBelk,λ .
Therefore, with the help of Theorem 8 we obtain the following theorem.
Theorem 14. For δ ∈ C with Re(δ )> 0, any x ∈ C, and p ∈ N, we have
eλ (x, δ |− p) = eλ (x)
p
∑
k=0
(
p
k
)
δ p−kBelk,λ (x).
In particular, for δ = 1, we have
eλ (x, 1|− p) = eλ (x)
p
∑
k=0
(
p
k
)
Belk,λ (x)
=
eλ (x)
x
Belp+1,λ (x)+λeλ (x)
p
∑
l=0
(
p
l
)
Bell+1,λ (x).
(48)
Replacing p by p−1 in (48), we get
(49) eλ (x, 1|1− p) =
eλ (x)
x
Belp,λ (x)+λeλ (x)
p−1
∑
l=0
(
p−1
l
)
Bell+1,λ (x).
From (49), we note that
eλ (x, 1|1− p)xe
−1
λ (x) = Belp,λ (x)+λx
p−1
∑
l=0
(
p−1
l
)
Bell+1,λ (x)(50)
= (1+λx)Belp,λ (x)+λx
p−2
∑
l=0
(
p−1
l
)
Bell+1,λ (x).
Thus, by (50), we obtain
Belp,λ (x) =
xe−1
λ
(x)
1+λx
eλ (x, 1|1− p)−
λ
1+λx
p−2
∑
l=0
(
p−1
l
)
Bell+1,λ (x), (p≥ 2).
3. FURTHER REMARKS
For δ ,s ∈ C with Re(δ )> 0 and Re(s) > 1, we observe that
(51)
∫ ∞
0
eλ (tx,δ |s)e
−tdt =
∞
∑
n=0
(1)n,λ
n!(n+δ )s
xn
∫ ∞
0
tne−tdt =
∞
∑
n=0
(1)n,λ
(n+δ )s
xn.
From (51), we may consider the degenerate Lerch zeta function which is given by
(52) Φλ (x,s,δ ) =
∞
∑
n=0
(1)n,λ
(n+δ )s
xn, (Re(δ )> 0).
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Note that lim
λ→0
Φλ (x,s,δ ) = Φ(x,s,δ ), where Φ(x,s,δ ) is Lerch zeta function defined by
Φ(x,s,δ ) =
∞
∑
n=0
xn
(n+δ )s
, (see [1,18]).
In particular, for x= 1, we have
(53) Φλ (1,s,δ ) =
∞
∑
n=0
(1)n,λ
(n+δ )s
, (Re(δ )> 0).
In addition, Hurwitz zeta function is defined as
(54) ζ (s,δ ) =
∞
∑
n=0
1
(n+δ )s
, (Re(δ )> 0).
In light of (54), we denote Φλ (1,s,δ ) in (53) by ζλ (s,δ ) and call it the degenerate Hurwitz zeta
function as follows:
(55) ζλ (s,δ ) =
∞
∑
n=0
(1)n,λ
(n+δ )s
, (Re(δ )> 0).
Note that lim
λ→0
ζλ (s,δ ) = ζ (s,δ ).
Let us take δ = 1. Then, by (55), we get
(56) ζλ (s,1) =
∞
∑
n=0
(1)n,λ
(n+1)s
=
∞
∑
n=1
(1)n−1,λ
ns
.
In view of (56), we may consider the degenerate Riemann zeta function given by
(57) ζλ (s) = ζλ (s,1) =
∞
∑
n=1
(1)n−1,λ
ns
, (Re(s)> 1).
By (3), we get
n−1
∑
k=0
ekλ (t) =
1
eλ (t)−1
(
enλ (t)−1
)
=
1
t
{
t
eλ (t)−1
enλ (t)−
t
eλ (t)−1
}
(58)
=
1
t
∞
∑
p=0
(
βp,λ (n)−βp,λ
) t p
p!
=
∞
∑
p=0
(
βp+1,λ (n)−βp+1,λ
p+1
)
t p
p!
.
On the other hand,
(59)
n−1
∑
k=0
ekλ (t) =
n−1
∑
k=0
∞
∑
p=0
(k)p,λ
p!
t p =
∞
∑
p=0
(
n−1
∑
k=0
(k)p,λ
)
t p
p!
.
From (58) and (59), we have
(60)
n−1
∑
k=0
(k)p,λ =
1
p+1
{
βp+1,λ (n)−βp+1,λ
}
,
where n is a positive integer and p is non-negative integer. By (60), we easily get
n−1
∑
k=0
(k)p,λ =
1
p+1
p
∑
l=0
(
p+1
l
)
(n)l,λ βp+1−l,λ .
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